Abstract|The steady state drift-di usion model for the ow of electrons and holes in semiconductors is simpli ed by perturbation techniques. The simpli cations amount to assuming zero space charge and low injection. The limiting problems are solved and explicit formulas for the voltage-current characteristics of bipolar devices can be obtained. As examples, the pn-diode, the bipolar transistor and the thyristor are discussed. While the classical results of a one-dimensional analysis are con rmed in the case of the diode, some important e ects of the higher dimensionality appear for the bipolar transistor.
Introduction
The classical drift-di usion model for the steady ow of negatively charged electrons (density n(x)) and positively charged holes (density p(x)) in a semiconductor consists of the continuity equations div J n = ?div J p = R;
(1:1a) the current relations 4 J n = n (rn ? nrV ); 4 J p = ? p (rp + prV ); (1:1b) and the Poisson equation 2 V = n ? p ? C (1:1c) for the electrostatic potential V (x). The mobilities n ; p > 0 and the doping pro le C are assumed to be given functions of position x 2 , where the bounded domain R k ; k = 1; 2 or 3, represents the semiconductor part of the device. For the recombinationgeneration rate R we use a mass action law of the form R = Q(n; p; x)(np= 4 ? 1); Q 0; which includes the standard models for band-to-band processes and recombination via traps in the forbidden band. Since the discussion of this work is restricted to low injection situations, our model certainly describes the relevant physical phenomena 7] .
The equations are in dimensionless form. The reference quantity for the particle densities n; p; C is the maximal doping concentration C max , i.e. max jCj = 1. The * This work has been supported by the National Science Foundation under Grant No. DMS{890813 and by the Austrian Fonds zur F orderung der wissenschaftlichen Forschung under Grant No. J0397{PHY. It has been carried out while the author was visiting at Rensselaer Polytechnic Institute, Troy, New York 12180, USA. potential has been scaled by the thermal voltage U T = kT=q where k; T and q denote the Boltzmann constant, the lattice temperature and the elementary charge, respectively. The reference length L is the diameter of the device and, thus, diam( ) = 1. The scaled minimal Debye length and intrinsic number 2 are dimensionless parameters and given by = 1 L s "U T qC max ; 2 = n i C max where " is the permittivity and n i the intrinsic number of the semiconductor. The nondimensionalization di ers from that commonly used (see 4] , 7]) by the scaling of the current densities J n ; J p where the introduction of the factor 4 seems somewhat arti cial. However, this choice is justi ed by the analysis below.
Regions where the doping pro le C is positive, are called n-regions because the positively charged impurity ions attract electrons. On the other hand, in p-regions the doping pro le is negative. The (k?1)-dimensional boundaries between n-and p-regions are called pn-junctions. Here we assume abrupt junctions, i.e. the doping pro le has jumps across these junctions and is bounded away from zero within the n-and p-regions.
The boundary @ of the device is the disjoint union of Ohmic contacts C 1 ; : : : ; C m and arti cial or insulating boundary segments @ N . At Ohmic contacts we assume zero space charge and thermal equilibrium: Along the arti cial and insulating boundary segments, we assume that the normal components of the electric eld and the electron and hole current densities vanish. This amounts to homogeneous Neumann conditions for V; n; p:
where denotes the unit outward normal.
After substitution of the current relations into the continuity equations, (1.1), (1.2) constitutes an elliptic boundary value problem for V; n; p. The important output quantities are the currents through the Ohmic contacts. The current I j leaving the device through the contact C j is given by I j = Z C j (J n + J p ) ds:
The dependence of the currents on the m ? 1 contact voltages U j ? U 1 ; j = 2; : : : ; m is called the voltage-current characteristic of the device. Obviously, the choice of U 1 does not in uence the result. Note that we only need to compute m ? 1 currents, since the total current density J n + J p is divergence free, implying I 1 + : : : + I m = 0.
The current-voltage characteristic is determined by the number and location of the nand p-regions as well as of the Ohmic contacts. We consider devices meeting the following requirements: There is a nite number of open connected n-regions whose union is denoted by + . In the same way, the number of p-regions is nite and their union is denoted by ? . Each n-or p-region has at most one contact and each contact is adjacent to only one n-or p-region. The union of the pn-junctions is denoted by ? = + \ ? . Note that these assumptions do not rule out so called oating regions without any contacts. In Figure 1 two-dimensional cross sections of three typical devices are depicted. The pn-diode consists of one n-and one p-region, each with a contact. The bipolar transistor has three di erently doped regions with contacts. Finally, the thyristor is a pnpn-structure. Here we consider the so called ! Shockley diode where the two midd The dimensionless parameters and 2 are small compared to 1 in practical applications. Therefore we shall try to simplify problem (1.1), (1.2) by letting these parameters tend to zero. The limit ! 0 is carried out in section 2. Essentially, it amounts to replacing the left hand side of the Poisson equation (1.1c) by zero which explains the name zero space charge approximation for the simpli ed problem. However, since the doping pro le has jump discontinuities, the limiting carrier densities also have jumps. The nature of these jumps can be analyzed by introducing slow variables which are continuous in the limit. The construction of formal asymptotic approximations|including layer corrections at the pn-junctions|has received a considerable amount of attention in the Although the number of equations has been reduced, the zero space charge problem is essentially not much easier to solve than (1.1), (1.2) . Therefore, a further simpli cation is introduced in section 3 by letting 2 tend to zero. Keeping the applied voltages xed as the built-in potential tends to in nity (for 2 ! 0) can be interpreted as a low injection condition. Since the analysis of section 2 provides an existence result for the zero space charge problem, it is only necessary to obtain a few more estimates for justifying the limit. In 7] it has been shown that for the thermal equilibrium problem (consisting only of a nonlinear Poisson equation) the limits ! 0 and 2 ! 0 commute. The limit 2 ! 0 with kept positive leads to a free boundary problem 13], which has been analyzed in 12]. Although the author conjectures that the limits commute also in the general case, no proof seems! to be available. The problem wit It turns out that in the low injection limit the problem is simpli ed considerably. Its solution is discussed in section 4. The voltage-current characteristic can be given in terms of the solution of a set of algebraic equations containing parameters which can be interpreted as conductivities of the n-and p-regions in certain reference situations. These conductivities are computed from the solutions of a number of linear elliptic boundary value problems. The set of algebraic equations is nontrivial only if oating regions occur. We can show that the solution is unique if the device has at most one oating region. Thus, we have uniqueness for the pn-diode and the bipolar transistor, but in general the question of uniqueness remains open. In section 7 it is shown that the solution is also unique for the Shockley diode. This seems to contradict results 17] that a thyristor has multiple steady states in certain biasing situations. However, in the low injection limit w! e can only expect to obtain the s This shows that the simpli ed model cannot describe physical e ects caused by large electrical currents (high injection). Another limitation originates from the zero space charge assumption. We neglect the pn-junction layers where the space charge density takes appreciable values. This is justi ed, because the width of these space charge regions is O( ) in our scaling. It is well known, however, that the width grows with the potential jump across the junction. E ects involving large applied biases and, therefore, widening depletion regions can be accounted for by an asymptotic analysis of a rescaled problem 1], 9], 11], 12].
The zero space charge and low injection assumptions have already been used for onedimensional model problems in the early physical literature on semiconductor devices 15]. In particular, the famous Shockley equation for the voltage-current characteristic of a pn-diode and the qualitative behaviour of bipolar transistors are derived in this way (see also 18]). Thus, the present work can be viewed as an extension of these results. In section 5, our theory is applied to a multi-dimensional model for a pn-diode. The Shockley equation is con rmed, and it is shown how the leakage current can be computed. Section 6 deals with the bipolar transistor. Here the common-emitter current gain is an important parameter. We demonstrate that it strongly depends on the geometry of the base region. This multi-dimensional e ect is not captured by the classical one-dimensional analysis. Finally, the Shockley diode is considered in section 7. Steinr uck 17] showed that not every pnpn! -device functions as a thyristor.
The Zero Space Charge Approximation
The analysis of (1.1), (1.2) is greatly facilitated by the introduction of the so called Slotboom variables 16] where c is independent of and k:k p denotes the L p ( )-norm.
For computing the currents through the contacts, the current densities 4 J n = n 2 e V ru; 4 J p = ? p 2 e ?V rv have to be evaluated along the contacts. This is not necessarily possible since the existence result only guarantees current densities in L 2 ( ). Therefore the currents have to be de ned in a di erent way. Let ' j be in H 1 ( ) with ' j = ij ; at C i . Then we obviously have
by integration by parts. The term on the right hand side is certainly well de ned and can serve as a de nition for the current. It is easy to see that it is independent of the particular choice for ' j if the total current density is in the weak sense divergence free.
It is important in our context that the L 1 estimates in theorem 2.1 are uniform with respect to . The following lemma contains estimates for the derivatives of the solution. The weak convergence in H 1 ( ) of u k and v k implies that their limits satisfy the Dirichlet boundary conditions. Solving (2.5) for V 0 at the contacts shows that V 0 also takes the values prescribed in (2.2). Finally, the estimates of lemma 2.1 justify the passage to the limit in (2.3).# The results of the previous section imply that (3.1), (3.2) has a solution which satis es the estimates in theorem 2.1 and which is close to solutions of (2.1), (2. The statement that the density of the majority carriers (electrons in n-regions, holes in p-regions) is close to the modulus of the doping pro le and the density of the minority carriers is small compared to that, is usually called a low injection condition. The convergence analysis again relies on a priori estimates. We shall need another regularity assumption on the data: There are continuous extension operators from H 1 ( + ) to H 1 ( ) as well as from H 1 ( ? ) to H 1 ( ). An argument for the uniform boundedness of the majority carrier current densities can be given as follows: Let n denote an n-region with an Ohmic contact, where the boundary condition u = e U 0 is prescribed. Then the function w, de ned by 4 w = u ? e U 0 ;
satis es in n a di erential equation with a bounded forcing term. It also satis es an homogeneous Dirichlet condition at the contact and an homogeneous Neumann condition at @ n \ @ N . At the pn-junctions @ n \ ? adjacent to n , we prescribe Neumann conditions using the continuity of the normal component of the electron current density.
The Neumann data are uniformly bounded because of the uniform boundedness of J n in p-regions. Thus, w, being the solution of a problem with uniformly bounded data, is itself uniformly bounded and so is the electron current density in n , given by J n = n C + p C 2 + 4 4 uv 2u rw:
For a oating n-region (without an Ohmic contact) the problem corresponding to that for w is a pure Neumann problem with uniformly bounded Neumann data. A similar argument applies in this case. Obviously, the same reasoning can be used for the hole current density in p-regions. Making these arguments precise, however, requires the evaluation of the current densities at pn-junctions which is not necessarily possible with the regularity used until now. On the other hand, it turns out that the result is not neeeded in its full strength for the convergence analysis below. Therefore we settle for less which allows us to get along with the regularity assumptions made so far. is obtained similarly.# The weakness of this result makes it necessary to change the way currents are computed once more. Because of the assumption that an n-or p-region can have at most one contact and considering the divergence theorem, the currents through a contact can be given in terms of the currents through adjacent pn-junctions. In the light of our previous results, this is a favourable situation since the currents through pn-junctions can be computed by using only minority carrier current densities. In particular, consider a pn-junction ? 0 separating the n-region n and the p-region p . Then the current I 0 from n to p is given by I 0 = Z ? 0 (J n + J p ) ds (3:4) where is the unit normal vector along ? 0 pointing into p . Similarly to the derivation of (2.3) we use functions ' n 2 H 1 ( n ) and ' p 2 H 1 ( p ) which are equal to 1 at ? 0 and vanish along other pn-junctions or contacts adjacent to n and p . Then the formula for I 0 can be rewritten as
(r' p J n + ' p R)dx: (3:5) Note that, di erently from (2.3), the recombination-generation rate appears in (3.5) because the individual current densities are not divergence free as opposed to the total current density.
We are now in the position to carry out the limit 2 ! 0. where the limits u 0 ; v 0 satisfy (3.6) and the boundary conditions (3.2). The limiting current I 00 is given by (3.5) with the current densities and the recombination term de ned by (3.7).
Solution of the Low Injection Problem
In this section we are concerned with solving the problem (3.6), (3.2) is the electron current through ? i which prevails when the potential at ? j is raised above equilibrium by a reference value. The values of the ij (i; j = 1; : : : ; l) provide a complete description of the minority carrier ow through p . Of course, v and J p in n-regions as well as hole currents can be computed in a similar way. Note that we only have the minority carrier current densities and that we can, therefore, only compute total currents through pn-junctions. As already mentioned, however, currents through contacts are immediately given by the divergence theorem. It remains to determine the constant values of u in the n-regions and of v in the p-regions. Obviously, for an n-or p-region with a contact, the value of the majority carrier Fig. 2 . Cross section of a pn-diode Slotboom variable is given by the boundary data. Therefore we are done for devices without oating regions. The solution is unique in this case.
Note that uniqueness leads to a stronger version of theorem 3.1. It implies that the convergence result is not restricted to subsequences. Now assume we are looking for the majority carrier Slotboom variable in a oating (say n-)region n . An equation for the value of u is provided by the divergence theorem. The total current leaving n has to be zero. Since electrons and holes can only leave and enter n through pn-junctions the current can be given in the form (4.2). Thus, we obtain an algebraic equation for u. This equation is linear in terms of u. However, the values of the majority carrier Slotboom variables of other n-and p-regions enter the equation in the form of quadratic terms. Of course, we have such an equation for each oating region. Thus, in general we are dealing with a system of nonlinear algebraic equations. Its solvability is guaranteed by the results of the preceding section but we do not have a uniqueness proof. Nevertheless, uniqueness is obvious for devices with only one oating region because of the above mentioned linearity of the equation. Apart from that, section 7 of this work contains an example of a device with two oating regions where the solution is also unique.
The pn-Diode
A pn-diode is a device having one n-region n and one p-region p with adjacent Ohmic contacts ? n and ? p , respectively. The pn-junction is denoted by ? (see Figure 2) .
The function of a pn-diode is that of a valve. Whereas in one direction only a small leakage current can pass through the device, signi cant current ow is possible in the other direction. By looking at a simple one-dimensional model problem (essentially assuming zero space charge and low injection) Shockley (1949, 15] ) computed the approximation I = I s (e U ? 1) (5:1) for the voltage-current characteristic which is now known as the Shockley equation. In (5.1), I denotes the current through the device and U the contact voltage. The characteristic shows the expected behaviour. Under reverse bias (U < 0) the current saturates at the value I s which has been determined by Shockley We immediately obtain u = e U ; in n ; v = 1; in p :
On the other hand, the procedure described in the previous section leads to the representations u = 1 + (e U ? 1)' p ; in p ; v = e ?U + (1 ? e ?U )' n ; in n where ' n and ' p are the solutions of linear elliptic boundary value problems similar to (4.1) with the boundary conditions ' n = ' p = 1; at ?; ' n = 0; at ? n ; ' p = 0; at ? p :
With the formulas for the current densities from the previous section we obtain ( where is the unit normal vector along ? pointing into n , and C n (C p ) is the doping pro le evaluated at the n-(p-)side of the junction. It is easy to see that both terms which sum up to the integrand are positive. If a one-dimensional model with constant mobilities and a piecewise constant doping pro le is considered, the di erential equations for ' n and ' p are linear ODEs with constant coe cients. In this case, I s can be computed explicitely recovering Shockley's formulas. Among the two possibilities of npn-and pnp-con gurations we choose to consider the latter. The arguments of this section carry over to npn-transistors with the obvious changes. Note that three contacts cannot be incorporated into a one-dimensional model. Therefore we have to assume k = 2 or 3 for the space dimension in this section. Below we shall see that multidimensional e ects are indeed important for the performance of bipolar transistors.
The outer (p-)regions are called emitter ( E ) and collector ( C ), the sandwiched n-region is the base ( B ). The corresponding contacts are denoted by ? E ; ? C and ? B , respectively, the emitter junction by ? EB and the collector junction by ? BC (see Figure  3) where the reference functions ' 1 ; : : : ; ' 4 solve boundary value problems similar to (4.1) with boundary conditions as indicated in Figure 3 .
The currents I E , entering the device through the emitter, and I C , leaving the device through the collector, can be computed by integrations along the emitter and collector junctions. Then the base current is given by I B = I E ? I C . The bipolar transistor serves as an ampli er in the following way. A certain collector-emitter voltage is applied and the base current is used for triggering the collector current. Thus, we are interested in the dependence of I C on I B and U CE . This is achieved by computing U BE from the formula for I B and substituting the result into the equation for I C . Straightforward algebra gives I C = (I B + a 3 + a 4 which refers only to the base region. The reference function ' 2 describes a situation where the potential at the emitter junction is raised. The hole current entering through the emitter junction is split into two parts leaving through the base contact and the collector junction, respectively. The above inequality means that the current through the base contact is much smaller than that through the collector junction, i.e. essentially all the holes injected into the base reach the collector region. Consider a simpli ed model with constant hole mobility, constant doping in the base region and neglecting recombinationgeneration e ects. Then ' 2 solves the Laplace equation and the validity of (6.1) only depends on the geometry of the base region.
The classical analysis of bipolar transistors (see e.g. 18]) uses a one-dimensional model. As pointed out above, this means that there is no obvious way of incorporating the base contact into the model. A priori assumptions on the ow in the base region have to be made. It turns out that for the classical model it is assumed that the left hand side of (6.1) vanishes, i.e. there is no minority carrier current through the base contact. However, situations where in a 3 the second term dominates can be easily imagined. Then it is necessary to use the more general theory of the present work. 4 where the reference functions ' 1 ; : : : ; ' 6 are the solutions of linear boundary value problems similar to (4.1) with boundary conditions as indicated in Figure 4 . The values of the constants V and W determining u in 2 and v in 3 , respectively, will be determined in the following. The currents through the pn-junctions are given by where the de nition of the positive quantities ij is obvious from the above formulas and C j denotes the doping pro le evaluated in j . Note that the ij are independent of the applied voltage U. For a one-dimensional model with constant mobilities and piecewise constant doping pro le they can be computed explicitely.
The currents through the junctions have to be equal. Their common value is the total current through the device. (7: 2) which will be used below. It can be shown that a is positive and d is negative. Therefore, (7.1) has a unique solution. Note that the existence but not the uniqueness of the solution has been guaranteed by our previous results. This uniqueness result seems to contradict the common knowledge that thyristors have multiple steady states in certain biasing situations. For the one-dimensional case it has been shown in 17], however, that the voltage-current characteristic consists of two branches called the blocking branch and the conduction branch, where the currents on the conduction branch are O( ?4 ) in terms of our scaling. Thus, the present analysis cannot be expected to provide an approximation for the conduction branch. Another result in 17] is that the characteristics of pnpn-devices can have two di erent kinds of qualitative behaviour for positive applied voltages. In one case the characteristic is like that of a diode, i.e. the current grows exponentia! lly with U. Such The above formulas show that the current grows exponentially for negative c whereas it saturates for positive c. Thus, only devices with positive c have a chance of behaving like a thyristor should. When recombination-generation e ects are neglected (Q = 0), the formula (7. This can be translated to the statement that a pnpn-device is a thyristor if the product of the minority carrier conductivities of the outer regions exceeds the product for the inner regions. Specialization to the one-dimensional case shows that this is equivalent to the criterion derived by Steinr uck 17] .
